Abstract. Let (M, g) be a complete Riemannian manifold with no conjugate points and f : (M, g) → (B, g B ) a principal G-bundle, where G is a Lie group acting by isometries and B the smooth quotient with g B the Riemannian submersion metric.
Introduction
Let (M, g) be a connected, smooth manifold of dimension n with a complete Riemannian metric with no conjugate points. (M has conjugate points p and q if the differential of the exponential map defined by g, exp * : T p M → T q M, has non-trivial kernel; e.g., antipodal points when M is an Euclidean sphere. See [11] and [12] for basic definitions.) Let G be a Lie group, acting isometrically, properly, and freely on M with a smooth manifold B = M/G as its quotient. We give B the unique Riemannian metric g B so that the principal G-bundle
is a also Riemannian submersion, defined by g B (f * u, f * v) = g(u, v) for u and v g-orthogonal to the fibers. We refer to (1.1) as a Riemannian principal G-bundle.
It is well known that the metric g B is complete ( [7] ).
In the particular case when dim G = 0, known as a Riemannian cover, (B, g B ) is locally isometric to the total space via the projection f . Thus, many metric properties of (M, g), including the non-existence of conjugate points, are inherited by (B, g B ). But, in general, a submersion with fibers of positive dimension, such as (1.1) when dim G > 0, is curvature non-decreasing, and so is the possibility of the existence of conjugate points in the base.
In this article, a continuation of [1] , we use the symplectic reduction procedure in the tangent bundle and a canonical product structure there to address the generation of conjugate points by quotients of isometric actions by Lie groups of positive dimension. This approach should be viewed as a 'Pseudo-Riemannian reduction' and compared to the Kähler reduction of the so-called 'adapted complex structure' of Lempert-Szöke [13] and Guillemin-Stenzel [6] that we carried out in [2] . The main difference with the Kähler case, as already shown in [1] , is that due to the non-definiteness of the metric involved, the Pseudo-Riemannian reduction away from the zero section of T M might fail. (See Section 7.) However, as it follows from [1] and this present work, this failure occurs precisely when conjugate points are created in the quotient as we now outline, and this allows several applications.
Via the induced tangential G-action on the tangent bundle T M (the action generated by the tangent maps of the flow of the original G-action on M) G acts on µ G −1 (0) ⊂ T M, where
with G * the dual of the Lie algebra G of G, is the moment map of the tangential G 0 -action, where G 0 ⊂ G is the connected component containing the identity element. The assumption that (M, g) has no conjugate points implies that the pseudo-Riemannian metric G P of signature (n, n) defined for U and V in T (T M) as
is defined in all of T M. Here dΘ is the canonical symplectic form on T M induced by the metric g as in (2.1), and P is the structure induced by the map F : T M → M×M given by F (z) = (exp(−z), exp(z)). (See Section 2.) We need to recall the following definition introduced in [1] . In this paper we show the converse of the above-mentioned result from [1] , namely Theorem 1.2. Let both the total space and the base of the Riemannian principal G-bundle,
Definition 1.1. An isometric G-action on (M, g) is tangentially positive on a set S ⊂ T M iff for every action vector field ξ T M on T M, ξ ∈ G, it holds ξ T M (z)
have no conjugate points. Then G acts tangentially positively on µ G −1 (0). reduction procedure, given the isometric G-action one identifies µ G −1 (0)/G with T B symplectically, that is, the induced pushed-down one-formΘ and functionĚ agree on T B with the canonical objects Θ B and E B on T B defined by the submersion metric g B . But this classical reduction construction links to the uniqueness of P, giving the proof we seek, as explained next.
In one direction, as long as the action remains tangentially positive on µ G −1 (0), the pseudo-Riemannian metric G P defines a connection for the principal G-bundle µ G −1 (0) → T B with P-invariant horizontal distribution. (So, G P is a pseudoRiemannian extension of g; it also extends the G-connection defined by g, since the horizontal distribution on µ G −1 (0) is defined by the G P -orthogonal complement to the fibers.) Thus, we can push-down P to aP defined on all T B and satisfying the characterizing properties of the canonical P B , hence equal to P B by the uniqueness result on serrate sets mentioned above, forcing (B, g B ) to be conjugate point-free.
On the other direction, if the action fails to be tangentially positive on the entire µ G −1 (0), there is a point z c ∈ µ G −1 (0) where the action is not tangentially positive, so that it can be approached as closely as we want by the top vertices of certain 'triangular' two-dimensional serrate subsets of µ G −1 (0) where the connection is defined by G P . At the f * -image of these serrate sets the pushed-downP = P B , as endomorphisms of T B. But at z c there is a vector U in T z c µ G −1 (0) , both transversal and G P -orthogonal at z c to the orbits of the G-action on µ G −1 (0), and a limiting argument shows that the (non-zero) image of U by (f * ) * must be in the kernel of P B , forcing (B, g B ) to have conjugate points.
The rest of the paper is organized as follows. Section 2: preliminaries; proof of uniqueness of the structure P on serrate sets (a necessary refinement of what we have proved in [1] ).
Section 3: proof of Theorem 1.2 stated in the Introduction; set up, proofs, and review of the proof of the naturality of P under symplectic reduction obtained in [1] .
Section 4: G P -length of tangential lifts; statement of Theorem 4.1; G P along the Riemannian leaves defined by the geodesics; proof of Theorem 4.1.
Section 5: propositions on tangential positivity; restrictions on the curvature of the manifold acted upon and on the structure of the fixed-point set when the G-action is tangentially positive in two canonical subsets of T M, one of which is µ −1
Section 6: Theorem 6.1 characterizing tangential positivity on µ −1 G (0) for Euclidean R n ; Theorems 6.5 and 6.10 for Riemannian products. Section 7: examples referred to in previous sections; remarks on the reduction of P versus the one for the "adapted complex structure".
Preliminaries
Let (M, g) be a connected, smooth and complete Riemannian manifold of dimension n and π : T M → M its tangent bundle. We recall that complete means that every geodesic in M is defined for the arc-length parameter in (−∞, ∞). M will not be assumed compact unless said so. The metric g defines the energy function E : T M → R and the one-form Θ on T M so that for all z ∈ T M, U ∈ T z (T M)
Consider the endomorphism P of T (T M) | O , with O ⊂ T M a neighborhood of the zero section M, defined by the map F : T M → M × M given by F (z) = (exp(−z), exp(z)), where exp : T M → M is the standard exponential map that sends z ∈ T p M to γ( z ) ∈ M, γ being the unit-speed geodesic such that z γ(0) = z if z = 0, or to p if z = 0 ∈ T p M. Here O is the open set where F is a local diffeomorphism, hence O = T M if and only if (M, g) have no conjugate points. P is the pull back of the endomorphism in T (M × M) that acts as −I on the tangent spaces of the left M-factor and as I on the ones of the right M-factor. Such P satisfies (2.2)
Integrability of P means that there are local charts u
. Of course, n − = n + = n in this case. We call such coordinates, product coordinates for P. The first two properties are obvious, while the third requires some checking and is proved in [1] . That O contains the zero section M follows in a standard way.
In [1] we called any structure P that satisfies the three conditions (2.2), in principle different from P, an adapted product structure (see remarks in subsection 3.1.1). We need a slight refinement of the uniqueness result for adapted product structures, "P = P on certain open sets", proven in Theorem 1 of [1] .
First we give a definition of a serrate set different but equivalent to the one given in [1] , and more useful for us now. Given a non-trivial geodesic γ : R → M parametrized by arc-length, we identify T R ∼ = R 2 so that γ * (x, y) = yγ(x) for all (x, y) in R 2 . If the geodesic is trivial, that is, if γ (R) = {p} ∈ M, then γ * (x, y) = 0 p , the zero vector in T p M which we identify with p. Definition 2.1. Given 0 = z ∈ T M we let γ z be the unit-speed geodesic of M such that z γ z (0) = z; if z = 0 p we let γ z be the trivial geodesic with image {p}. Proof. According to Definitions 2.1 and 2.2, any serrate set S ⊂ T M can be written as
and so it is enough to show the agreement P = P on S z , that is, as endomorphisms of
(This is shown implicitly in the proof of Theorem 1 in [1] . However we outline a proof now, referring to [1] at times for further details, for the convenience of the reader and since the set up and notation are needed here in the proof of Theorem 4.1.)
The condition P dE = Θ is, in terms of (2.6), equivalent to P Ξ = Σ, where Ξ is the Liouville vector field on T M. This follows from the facts that dΘ is nondegenerate and that Σ is the Hamiltonian vector field corresponding to the energy function, as, ∀U , dE(U ) = dΘ(U, Σ). Now, Ξ and Σ vanish along the zero section M, but a limit argument shows, by continuity of P and of the horizontal and vertical distributions on T M associated to the connection map K, that P is forced to act as (see Proposition 2. 
(Property (2.10) is more or less clear, at least off the zero section, from P Ξ = Σ, and the expressions (2.6). See [1] .) Let 0 = z ∈ T p M and let γ z be the unit-speed geodesic given by Definition 2.1. We consider the corresponding Riemannian leaf
by Riemannian leaves that restricts to the original geodesic variation along the zero section. The variation vector field obtained by taking the derivative of the tangent variation with respect to λ and evaluating at λ = 0 is a vector fieldJ along L γ z , that is,J is a section of the bundle (γ * z ) −1 T (T M) that restricts along γ z itself to a Jacobi field J along γ z . The following well-known expression is used in the next sections:
where h ± i are one-variable functions and u
+ n are local product coordinates for P . (The fact that the number of ±-coordinates for P equals n is shown in [1] . For more details on the above see especially Propositions 2.2 through 2.4 in [1] .) It follows the next result. 
On the other hand (2. 
But Proposition 2.5 can be applied to every segment contained in z ⊂ R At the point of z where those segments meet it would follow that P J = 0, which is impossible, since the canonical extensionJ along L γ never vanishes off γ, and P is non-singular.
To see b), let z 0 = y 0γ (x 0 ) ∈ γ * z with y 0 > 0, where, using the parametrization as before, w = (x 0 , y 0 ) ∈ z . Since − z ≤ x 0 ≤ x 0 +y 0 ≤ z , then γ(x 0 ) and γ(x 0 + y 0 ) do not form a pair of conjugate points of γ, and thus we can find n linearly independent Jacobi fields J i along γ that vanish at γ(x 0 + y 0 ). Proposition 2.5 applied to the canonical extensionsJ i , which are always point-wise linearly independent on L γ \ γ, shows that J i (w)
and by a) we can find linearly independent Jacobi fields G i that vanish at
Remark 2.6. The result from [1] alluded to shows the equality of the structures on open serrate sets containing the zero section, which was sufficient to prove the naturality of P under reduction. Here, we need to show the uniqueness of P on any 'triangular' piece of a given Riemannian leaf of a geodesic of B, that piece contained in an open set not necessarily serrate where P is defined.
Proof of Theorem 1.2
In this section we prove Theorem 1.2, which is stated in the Introduction. It is the converse of Theorem 3 in [1] . The proof will follow from Propositions 3.4 through 3.8. 
Proposition 3.1. Let a Lie group G act on (M, g) by isometries freely and properly with Riemannian principal
Recall that a Lie subgroup H ⊂ G of a Lie group G is both a subgroup and a submanifold of G, and here is always assumed closed.
Corollary 3.3. Let G be a Lie group acting on (M, g) freely and properly by isometries. Let G 0 ⊂ G be its connected component containing the identity. Then, with respect to the Riemannian submersion metrics, (B = M/G, g B ) has no conjugate points if and only if
has no conjugate points.
Proof. For the proposition: That H acts properly and freely is standard (see [4] for instance), and the isometric identification is easy to check from the definitions. So, we leave out the details. For the corollary: It is well-known that G 0 is a normal Lie subgroup of G and G/G 0 is a Lie group with dim (G/G 0 ) = 0. Putting G 0 = H in the diagram (3.1) the map f G/G 0 is a Riemannian cover, in particular a local isometry. It follows that M/G and M/G 0 are locally isometric.
Proposition 3.1 will be used in Theorem 6.1 later on. At this point, note that by Corollary 3.3 there is no loss of generality if we assumed G is connected in the proof of Theorem 1.2. This is consistent with our characterization of the creation of conjugate points by quotients in terms of the moment map µ G , whose definition depends only on the action vector fields on M, hence only on G 0 .
Setup for the G-action on µ G
−1 (0) in relation to P. For ξ in G, the Lie Algebra of G, we denote by ξ M the action vector field on M and by ξ T M the action vector field on T M corresponding to the tangential Gaction. With this notation we express the moment map of the tangential action
Now, (M, g) have no conjugate points by hypothesis, so P is defined in the entire T M. Let G T M and PG T M be the distributions on T M defined by the tangential action on T M and P,
These two distributions each have rank that equals dim G since the action on M is free. It follows that the tangential action on T M is free as well. Now, let ζ 1 , . . . , ζ dim G be a basis for G and consider the matrix-valued func-
Proof. At each 0 = z = 0 P ∈ T P M, we have, from (2.11) and under the identification of M with the zero section of
But, since the action on M is free, the dim G × dim G matrix-valued function on M with entries g ζ
which is open in T M and contains the zero section by Proposition 3.6. G acts on the (in general, disconnected) open set O † ⊂ T M and on the closed set µ G −1 (0) ⊂ T M, and thus, the distribution H| O † serves as the horizontal subspace of a connection for the principal G-bundle
By the G and P-invariance of H we can 'push-down' P and define an integrable product structureP on
To show it, due to the integrability of P it suffices to prove that if X and
is an open connected set containing B where bothP and P B are defined.
be the inclusion and put
By the classical symplectic reduction process ([14]) we 'push-down' the one-form Θ and the energy function E on T M to a one-formΘ and a functionĚ on T B, so that
, where H z defines the horizontal subspace of a connection, we have that
is a symplectic isomorphism. In particular, since the geodesic spray Σ and the Liouville vector field Ξ satisfy PΣ(z) = Ξ(z) for all z ∈ T M, while Σ(z) ∈ H z and Ξ(z) ∈ H z for all z ∈ µ G −1 (0), the pushed down equationPdĚ =Θ holds on
that is, they agree as endomorphisms of
Proof. It suffices to show that for any serrate set
is a serrate set of T B and then apply Proposition 2.3 to (B, g B ), because the set
is open in T B and contains B. According to Definition 2.1 and 2.2 applied to B we need to show that given
where · B is the length in B. Here we assume z = 0 because p S ∩ µ G −1 (0) ∩ M ⊂ B, and clearly any subset of the zero section B is serrate. Also,
Thus, in what follows we let δ w : R → B be the unit-speed geodesic such that w Bδw (0) = w and let γ z : R → M be the unit-speed geodesic with z Mγz (0) = z.
Since µ G −1 (0) is a vector subbundle of the T M invariant by the geodesic flow, it is a serrate set; in fact
where, we recall, a geodesic if f -horizontal if it is point-wise orthogonal to the action vector fields of the G-action in M, that is, to the fibers of the principal bundle f : M → B. But a geodesic that we know is orthogonal to the fibres at one point must be f -horizontal (since, as a consequence of the skew-symmetry of ∇ξ M for any action vector field,
So, since the intersection of serrate sets is a serrate set, S ∩ µ G −1 (0) is a serrate set and thus, by the hypothesis on S and the definition of serrate set,
by the uniqueness of a geodesic with given initial conditions. Moreover, w B = f * z B = z M and so,
which applied to (3.14) shows (3.12) as required.
Then, using notation (2.3), after possibly a change of origin of the parameter of γ, there is an 0 < r ∈ R such that
Proof. It is enough to show that for the given parametrization of γ there are a < b ∈ R such that , the convex hull of (a, 0), (b, 0),
, for then we perform an obvious translation in the arc-length parameter of γ if necessary. To start pick z ∈ L γ ∩ K and set the arc-length parameter of γ so that γ(0) = π(z) to define
Since K is closed and is disjoint from the zero section M, it holds that T > 0,
By (3.17) and (3.18) it follows that
Thus, our as stated at the beginning of the proof will be the convex hull of
3.1. Proof of Theorem 1.2.
Proof. We assume that the G-action on (M, g) is not tangentially positive in all of µ G −1 (0) and that (B, g B ) has no conjugate points, hence P B is defined in all T B, and we derive from this a contradiction.
Thus, by hypothesis C ∩ µ G −1 (0) = ∅, where the set C ⊂ T M is given by (3.7), and clearly independent of the choice of basis for G. Accordingly, we have the following.
Proof. First note that 1) follows from (3.19) since H is P-invariant. Also, 2) and 3) follow the facts that U ∈ PG
We now show (3.19). Since z ∈ C there is ξ and ψ ∈ G, such that
with respect to dΘ,
So, by (3.21), (3.22) and (3.5), ψ T M (z) is in H z , and the claim is proved.
Since C and µ G −1 (0) are both closed in T M, their intersection is also closed. Moreover, since by hypothesis the G-action is free, C ∩ M = ∅ from Proposition 3.6, and C ∩µ G −1 (0)∩M = ∅. Thus, recalling (3.13), it follows that there is a unit-speed
Consequently, we may apply Proposition 3.8 to
We conclude that there is 0 < r ∈ R, and r ⊂ R 2 as above, with choice of origin for the arc-length parameter of γ z c such that, putting
0 for all 0 ≤ s < r, it follows by Proposition 3.7 that
is a product structure preserving linear isomorphism for all z ∈ (γ z c ) * ( s ) for all 0 ≤ s < r.
In particular for all t ∈ [0, 1),
is product structure preserving, where we put
Given any continuous
where the inclusion
we have the equality
In particular, from part 3) of Proposition 3.9 and (3.25), for any section Y as in (3.26),
But, by (3.24)
and thus
It follows by the continuity of f Y and of k Y on [0, 1] that 
Some remarks.
Let us denote byǦ P the pseudo-Riemannian metric on 
is a pseudo-Riemannian submersion at every point z ∈ S ∩ µ G −1 (0). Remark 3.11. As a particular case, if (M, g) has no conjugate points and the Gaction on M is tangentially positive, then O † = T M, and we may take S = µ G −1 (0) in the proposition above. Hence, in this situation,
is a pseudo-Riemannian submersion. Incidentally note that G P has signature (dim B, dim M) and G P B signature (dim B, dim B) . This was remarked in [1] as a case of 'pseudo-Riemannian submersion commuting with reduction'.
4. G P -length of tangential lifts of vector fields. Theorem 4.1
In this section (M, g) is complete and has no conjugate points, so that P is defined on the whole T M. For any vector field X on M we define
Let us now state Theorem 4.1. 
The proof of Theorem 4.1 follows from the next 3 propositions. 
We have
Now, consider the variation α(t, s) = f t (c(s)), where s → c(s) is a path in M witḣ
Thus, from the definition of the connection map, and the fact that ∇ is torsion-free, that is,
Expression (4.2) follows from (2.5), (4.3) and (4.4).
Expression of P along a Riemannian leaf.
Let γ be a unit-speed geodesic with γ(0) = p and let L γ the Riemannian leaf
We will use, as usual, the parametrization
We choose an orthonormal basis
M be the two sets of Jacobi fields along γ defined by the boundary conditions (4.6)
where denotes the covariant derivative ∇γ (t) . Since by hypothesis M has no conjugate points, the set {J 1 (t), . . . , J n (t)} is a basis of T γ(t) M for all t = 0, and hence there are functions h ik : R \ {0} → R, with 1 ≤ i, k ≤ n, such that
LetJ i (t, y) andG i (t, y) for 1 ≤ i ≤ n and (t, y) as in (4.5) be the extensions of the Jacobi fields along the Riemannian leaf,
These vector fields are sections of the bundle γ −1 * (T (T M)) on R 2 . By hypothesis (M, g) have no conjugate points, hence the structure P is defined on all of T M. Thus, Proposition 2.5 implies that if J is any Jacobi field along the unit-speed geodesic γ andJ its canonical extension along L γ , where we parametrize
But, since our set of chosen fields {J 1 (t), . . . , J n (t)} is linearly independent for all t = 0, by (4.9) it follows that (4.10)
So, from (4.10) there are functions h
and from (4.11) there are functions h
But from the local description of the extensions of Jacobi in (2.12) it follows that the two-variable functions h 
Now consider the h + ik in each of the two connected regions {x + y > 0} ⊂ R 2 and {x + y < 0} ⊂ R 2 and restrict to y = 0. By (4.12) and the expression of P along the zero section (2.8) we get, for all x + y = 0,
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with h ik : R \ {0} defined by (4.7). Similarly, restricting the h − ik defined on each of the connected {x − y > 0} ⊂ R 2 and {x − y < 0} ⊂ R 2 to y = 0, and by (4.13), we get, for all x − y = 0,
In particular, for x = 0 and y = 0, putting z = yγ(0), and by (4.6) and (4.8), we have
Now, by adding the + and − projections of (u i ) h z in (4.15) we get
where we defined, for all 1 ≤ i, k ≤ n and for all y = 0, Proof. We note that (4.16) implies that for all y = 0 the matrix ∆ γ (y) is nonsingular, for if there are constants a i so that n i=1 a i (∆ γ ) ik (y) = 0 for a value of y = 0 and for all 1 ≤ k ≤ n, then
and applying π * to both sides of (4.18) gives We take the limit as y → 0 on both sides of (4.16) using that
, where ( †) holds since for all p ∈ M and all u ∈ T p M we have, by (2.8), P (u)
. Thus we obtain from the comparison of horizontal and vertical lifts in that limit of (4.16), calculated for every 1
Since lim y→0 ∆ γ (y) = I and ∆ γ (y) is non-singular for all y = 0, we have that ∆ γ (y) is positive-definite for all y ∈ R, as claimed. We show the symmetry part in the claim. From (4.16), always at z = yγ(0),
Using this expression back into the equation obtained by applying P to (4.16) we get
Finally we compute, for all 1 ≤ i, k ≤ n, 
Then, from (a) and (b), the anti-P-invariance of dΘ, the symmetry of ∆ γ (y) shown in Proposition 4.4, and the right-hand side equation in (4.19), it follows that, for all y ∈ R, Ω γ (y) is well defined and symmetric. Proof. Along the geodesic γ, given two Jacobi fields A and B, we denote by W (A, B) their Wronskian,
with equality (*) valid for all t ∈ R, a standard consequence of the equation defining Jacobi fields. In particular, for the Jacobi fields G i and J i defined earlier by their conditions at t = 0 (4.6) we have, for all 1 ≤ i, k ≤ n and δ ik the Kroenecker delta,
For all t = 0, 2 t −1 ∆ γ (t) = h(t) − h(−t), where h(t) is the matrix defined by
, and thus, we calculate, for t = 0,
But, since M is assumed to have no conjugate points, the matrix with entries g(J k (t), J l (t)) is positive-definite for t = 0. Moreover, (#) shows that the negative of its inverse matrix is just h (t), and hence h (t) is negative-definite for all t = 0. It follows that given a constant y 1 > 0 we have for y > y 1 ,
and, inverting, y ∆ Since the curvature tensor R M of M is parallel (see [12] ), there is a parallel frame
We have, with the notation as above, for t = 0,
Thus, the matrices (4.17) constructed for γ and for the selected orthonormal basis for T p M are given by 
where ( * ) uses that P(a
, and thus,
v z ) = 0, true by (2.4), since both arguments are vertical; also we used
which follows from the anti-P-invariance of dΘ and, again, P(a
where the second equality, in terms of the matrix-valued function y → ∆ −1 γ (y) constructed for the unit-speed geodesic γ with initial conditionγ(0) = X(p)/ X(p) and the chosen basis of T p M, uses that for z = yγ(0),
by (4.20) and ∆
(y). Now, from Proposition 4.7, for all |a| > 1 we have the matrix inequality
) is positive-definite, and hence, we have that ∇ X(p) X = 0 if and only if by taking |a| >> 1 we can make (III) < − X(p) 2 = −(II) so that (I) < 0.
It follows that
The proof of Theorem 4.1 is completed by applying the argument above to each point p ∈ M.
Restrictions on tangentially positive actions
In this section we derive from Theorem 4.1 and the propositions used for its proof some restrictions on isometric actions, on conjugate-point free manifolds (M, g), tangentially positive in two canonical subsets of T M canonically associated to the G-action, namely, µ
We relate tangentially positive actions on G M with curvature in Proposition 5.1, and on µ G −1 (0) to fixed points in Proposition 5.8. Of course, there is no apriori assumption on the freeness of the G-action, as this is necessary for our applications to induced actions in the factors of a Riemannian product. (If the action is free G M is just the total space of the vertical bundle for the principal bundle f : M → M/G.)
If we identify M with the zero section of T M,
and, in general, the tangentially positivity on these two sets is independent. For instance, the R-action in H n coming up in (7.6) is not tangentially positive in all of G H n , but it is tangentially positive in µ G −1 (0) as shown in the paragraphs after (7.6). Also note that since
tangentially positivity on these sets behaves differently when considering of action by subgroups. We will use the following notation. Given a vector field X on M set
Let G be a group acting on M. We put 
Proof. By Theorem 4.1 the Killing vector fields induced by the action are 'selfparallel',
Then, f = ξ M 2 is constant throughout M, for, using the skew-symmetry of
Let ξ M not be identically zero, and let X be a vector field on M. Concerning the sectional curvature of the plane spanned by ξ M and X when both are non-zero, note that the curvature operator on M,
This formula is shown using (5.7) together with the fact that ∇ξ M is skew-symmetric and that ∇ torsion-free. (For a proof of (5.8) see in [1] the proof of Proposition 6.1, formula 6.3.) Remark 5.3. Recall that the rank of a geodesic γ is the number of linearly independent parallel Jacobi fields along the geodesic, including its velocityγ. It cannot exceed the dimension of M, as Jacobi fields are solutions of a second order linear equation. Also, rank M is the minimum of that number taken over all geodesics. Part 3: Let γ be a unit-speed rank-minimizing geodesic, i.e., rank of γ = rank M, starting at p. There are two possibilities:
are ν + 1 linearly independent Jacobi fields along γ. In light of (5.8), the curvature assumption and the definition of the J i 's,
So, J i , 0 ≤ i ≤ ν is a set of parallel, linearly independent Jacobi fields along γ, hence
Case b): In this situation, there is a ξ ∈ G such thatγ(0) = ξ M (p). Since ∇ ξ M ξ M = 0 on M, the geodesic γ is the trajectory through p of the action that corresponds to ξ, i.e., γ(t) = exp(tξ)·p, andγ(t) = ξ M (γ(t)) for all t ∈ R. Also, by (5.8) and the non-positivity of the sectional curvatures, g (R (E i (t),γ(t))γ(t), E i (t)) = 0, 1 ≤ i ≤ n, for any frame {E 1 , . . . , E n } along γ, which implies, due to the symmetry of the curvature, that g (R (E i (t),γ(t))γ(t), E j (t)) = 0 for all 1 ≤ i, j ≤ n, and thus R (E i (t),γ(t))γ = 0 for 1 ≤ i ≤ n. Now, by taking the frame to be parallel along γ, i.e, for all 1 ≤ i ≤ n, ∇γ (t) E i = 0 for all t ∈ R, we have ∇ 2 γ(t) E i + R M (E i (t),γ(t))γ(t) = 0, and thus each E i is a parallel Jacobi field along γ. In light of this and Remark 5. 
We first show (0). Given ζ in H, the Lie Algebra of H, consider the linear endomorphism
and thus, since the covariant derivative is torsion-free,
, which is used in (5.20) to give, since ξ ∈ G was arbitrary,
where ( * ) follows easily from the fact used in the proof of Proposition 5.6 that given any geodesic γ with γ(0) = p, ζ M • γ is a Jacobi field J with initial conditions J(0) = 0 and ∇γ (0) ζ M . (Alternatively see [10] .) But, in light of (5.21) and the transversality condition (5.12) we must have
and thus, since ζ M (p) = 0 and ζ M is a Killing vector field, ζ M is identically zero, that is, Zero (ζ M ) = M. Since ζ was arbitrary in H, the proposition is proved. We now show the corollaries. For i) simply note that either all the vector fields corresponding to the H action are zero, or no such vector field vanishes at some point in M. For part ii) take H = p i ∈M Isotr (p i ) and use the fact that any subgroup of G, Abelian, is normal. In [1] we showed that if G is Abelian and acts on Euclidean space tangentially positively on µ −1 G (0), it acts by translations. On the other hand, denoting by E(s) the group of rigid motions of R s , let R n be acted on by the group G = E(k) ⊂ E(n) that leaves invariant a given k-plane, k ≤ n. This action can be shown directly to be tangentially positive on µ −1 G (0), but it does not consist purely of translations. However, the orbit structure is the same as if it did. We now show that this is a characterizing property. Proof. First, the statement in parenthesis, included here for completeness, was shown in [1] and is not necessary to prove the rest of the claim.
Fix an origin o of R n . The identifications
exhibits E(n) as the semi-direct product of the Lie groups of translations of R n and of rotations O(n) fixing o. Correspondingly, the Lie algebra of E(n) splits
. On the other hand, since in T R n , it holds that P (u) h z = (u) v z for all ζ ∈ G, all u ∈ T x R n , all x ∈ R n and all z ∈ T x R n , (6.5) ζ T R n (z) 
Now
from (6.6) and skew-symmetry of ∇ζ R n , which shows that the orbits are totallygeodesic, hence hyperplanes. Let Π o be the hyperplane G · o. Then, since for all ζ ∈ G, ∇ζ trans R n = 0, by (6.4), G actually leaves invariant every parallel translate of Π o = G · o. But, by Proposition 5.6, all the orbits have the same dimension, and it follows that each of these parallel translates of Π o is an orbit.
We now prove the sufficient condition. 
with µ G|i as in (6.14) , then ξ M 1 is self-parallel.
M the G P -orthogonal complement to the orbits of the action in µ −1 G (0) intersects the orbits non-transversally, and the connection given by G P breaks down. (This is predicted by Theorem 6.1, since the orbits of points other than the origin are helices. See also [1] .)
